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Abstract

In this work we examine the case of combined weighted inversion of resistivity data arising from different array types. In
general, there is no single optimum array which can always give valid and useful results, independent of the target characteristics.
Moreover, the geoelectrical models produced by the inversion of different arrays over the same structure can be different. In order
to use all available information and produce a potentially more reliable geoelectrical model of the earth, an algorithm for the 2-D
combined inversion of the most commonly used arrays (dipole–dipole, pole–dipole, Wenner–Schlumberger, Wenner) is examined.
The use of this algorithm on several data sets showed that some arrays dominate over others. To overcome this problem an extra
weighting factor is introduced to calibrate the participation of the data of each array into the inversion procedure. To determine the
value of this factor we have used the Jacobian matrices which are computed for the data set of each array. The 2-D combined
weighted inversion algorithm is tested with various synthetic data sets. Furthermore, a real field data application is presented. The
results indicate that the algorithm provides an inverted model of all available data which is not necessarily the optimum but more
effective when compared to just jointly inverting all data sets without weighting. The combined weighted inversion algorithm is
proved to be a useful tool for data interpretation, especially when the area of study has complicate structures for which there is no a
priori information and each array type can not solely produce a reliable geoelectrical model of the subsurface.
© 2006 Elsevier B.V. All rights reserved.
Keywords: Combined — joint weighted resistivity inversion; ERT; Resistivity arrays
1. Introduction

Over the last decade the Electrical Resistivity Tomo-
graphy (ERT) has been extensively used in geophysical
investigations (Dahlin, 2001). Compared to convention-
al measuring modes ERT prospecting can be success-
fully used in areas with complex geology, since it
provides information in both lateral and vertical direc-
tions and defines in a qualitative manner the shape and
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depth of the subsurface targets. Resistivity acquisition
instruments are used in order to carry out field mea-
surements (Griffiths and Barker, 1993), while the
interpretation of field or synthetic data is carried out
by a number of inversion programs available (Loke and
Barker, 1996a). Many geophysicists have shown that it
is possible to reconstruct an accurate resistivity image of
the subsurface using a large number of measured data
and employing 2-D and 3-D imaging or inversion
schemes (Li and Oldenburg, 1992; Loke and Barker,
1995, 1996a,b; LaBrecque et al., 1996).

During the last few years, there is a significant effort
in ERT prospecting to develop techniques which obtain
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the maximum information from each data set and at the
same time reduce the amount of data which need to be
collected in the field. Dahlin and Zhou (2004) examined
the surveying efficiency (anomaly effects, signal-to-
noise ratios) and the imaging capabilities of ten elec-
trode arrays over five synthetic geological models. They
recommended the pole–dipole, dipole–dipole, Wenner–
Schlumberger and gradient arrays for 2-D resistivity
imaging.

However, the mapping of the study area with more
than one array types, which have different theoretical
and practical merits and demerits, can give different
geoelectrical models. For example, Wenner and Wen-
ner–Schlumberger arrays appear to have high vertical
resolution, while dipole–dipole and pole–dipole arrays
have high lateral resolution (Ward, 1989). Stummer
et al. (2004) presented an experimental design procedure
to identify non-conventional suites of electrode config-
urations that provide maximum subsurface information
using a sensitivity based optimization scheme. They
suggest that combined data sets coming from different
configurations carry more information than the individ-
ual data sets.

In theory combined inversion of data sets coming
from different electrode arrays obtained over the same
site would allow us to combine the relative advantages
of every array and thus to produce superior results. de la
Vega et al. (2003) presented combined inversion results
of dipole–dipole and Wenner array data obtained from a
hydrocarbon contamination site. They suggested that
combined inversion results have superior depth of
investigation and better lateral resolution when com-
pared to the inversion results obtained from each array
separately.

However, the use of 2-D combined inversion algo-
rithm on several data sets showed that some arrays
dominate over others. For example, measurements
obtained using the dipole–dipole array have typically
twice stronger sensitivity than measurements obtained
by the Wenner array. To overcome this problem a par-
ticular weighting factor can be applied to equalize the
participation of the data of each array. Since the sen-
sitivity (Jacobian) matrices associate variations in the
model properties with variations in the observed data, the
value of this factor uses the Jacobian matrices which are
produced for the data set of each array. The present paper
describes a 2-D combined weighted inversion algorithm
based on a fully automated smoothness constrained 2-D
inversion algorithm (Tsourlos, 1995).

The following section gives an outline of the mathe-
matical formulations used by the 2-D combined
weighted inversion algorithm. Moreover, results from
several representative tests with synthetic and field data
processed using the combined weighted inversion
scheme are also presented.

2. Methodology

In the 2-D inversion algorithm, an optimally
smooth geoelectrical model of the earth is calculated.
This involves the inversion of the data until the
roughness term dR is minimized under the constrain
that the sum of squared errors S is also minimized or
(since we are dealing with real data) becomes equal to
Xd, which is the acceptable average error in view of
data uncertainties. The values of dR and S are given
by the equations:

dR ¼ ðCxdxÞTCxdxþ ðCzdxÞTCxdx; ð1Þ

S ¼ ðWddyÞT ðWddyÞ; ð2Þ

where Cx, Cz are model smoothness matrices in the x
and z axes respectively (de Groot-Hedlin and
Constable, 1990), dy is the vector of differences
between the observed data dobs and the modeled data
dcalc (calculated using the forward modeling tech-
nique), Wd is the data weighting matrix and T denotes
the transpose. In the standard Bayesian formulation
Wd is the inverse square root of the a priori data
covariance matrix, which is usually assumed (inde-
pendent data errors) to be a diagonal matrix containing
inverse data errors, σi, (i=1,…n) when using n data
(e.g., Tarantola, 1984), in which case Eq. (2) becomes:

S ¼
Xn
i¼1

dy2i =r
2
i ð2aÞ

Minimization is achieved by the use of the Lagrang-
ian multiplier technique, which yields the non-linear
smoothness constrained inversion algorithm (Sasaki,
1992). The inversion is iterative and the resistivity xk+1
at the k+1th iteration is given by:

xkþ1 ¼ xk þ dxk ¼ xk

þ ðWdJkÞT ðWdJkÞ þ ljðCT
xCx þ CT

z CzÞ
h i−1

� ðWdJkÞTWddyk ;

ð3Þ
where Jk and μk is the Jacobian matrix estimate and the
Lagrangian multiplier respectively for the kth iteration.
Note that in the above formulation it is common that
logarithmic model resistivities and apparent resistivities



Fig. 1. FEM crossed triangular element mesh used in this work. Several
elements are assembled to form a rectangular inversion parameter.
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are used in order to constrain subsurface resistivity to be
positive and to accelerate the convergence of the itera-
tive algorithm (Park and Van, 1991).

Inversion's theoretical formulation requires that the
main stopping criterion in the above iterative formula-
tion is to reach a target misfit value (to avoid fitting data
to noise). However, in practice this has limited value
since there is no objective way to get an accurate esti-
mate of this misfit value, given that field data noise as
estimated by instruments is only approximate and cer-
tainly unable to describe many other important sources
of noise (i.e. modeling, linearization errors etc.). Thus
we have adopted the observation of a slow convergence
rate as a single stopping criterion, which is commonly
used by many researchers (Loke and Barker, 1996a). In
this case, the iterative procedure described in Eq. (5)
ends when no significant improvement (i.e. 5%) of the
RMS error is observed, where the RMS is given by:

RMS ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXn
i¼1

dy2i =r
2
i=

Xn
i¼1

1=r2i

s

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S=

Xn
i¼1

1=r2i

s
; ð4Þ

where S is given by Eq. (2a). Eq. (4) shows that mini-
mization of RMS is equivalent to minimization of S
in the case of independent data errors for the typical
Bayesian formulation. In the case of constant or not
available data errors Eq. (4) becomes the usual:

RMS ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXn
i¼1

dy2i=n

s
; ð5Þ

A 2.5D Finite Element Method (FEM) scheme was
used as the platform for the forward resistivity
calculations (Tsourlos et al., 1999). The scheme uses
crossed triangular elements for the FEM grid while a
sparser grid of rectangular inversion parameters is
overlain over it, as shown in Fig. 1. The adjoint
equation approach (McGillivray and Oldenburg, 1990)
was incorporated into the FEM scheme in order to
calculate the Jacobian matrix J, which is also trans-
formed to be in line with the applied logarithmic data
and model parameterization (Park and Van, 1991).

The described algorithm was used to the dipole–
dipole and Wenner–Schlumberger synthetic data sets
obtained using the measuring scheme described in the
previous paragraph for the model of Fig. 2. The model
consists of a rectangular prism with a high resistivity of
400 Ohm–m embedded in a medium with a lower
resistivity of 100 Ohm–m, which overlies above another
medium with a resistivity of 200 Ohm–m. Note that the
borders of the modeling body do not coincide with the
borders of the parameter grid. The apparent resistivity
values of a multi-electrode configuration of 26 equally
spaced electrodes with spacing “a” set to 5 m using the
dipole–dipole and Wenner–Schlumberger arrays were
calculated with a finite element scheme using a maxi-
mum n-separation nmax=8a. Realistic random noise of
1 mV/A peak-to-peak amplitude was applied to the
synthetic data (Yi et al., 2003).

The inversion results are presented in Fig. 3. The
geoelectrical model obtained by the inversion of the
dipole–dipole data set (Fig. 3b) clearly depicts the sub-
merged body but the boundary between the two layers is
not clearly identified. On the other hand, the geoelec-
trical model obtained by the inversion of the Wenner–
Schlumberger data set (Fig. 3c) shows the boundary
between the two layers but the submerged body is not
reconstructed equally well.

In Fig. 3d the geoelectrical model obtained by the
combined inversion of both dipole–dipole and Wenner–
Schlumberger data sets is presented. It is quite evident that
this inverted geoelectrical model is almost identical to the
geoelectrical model obtained by the dipole–dipole data
set. This happens because the measurements taken with
the dipole–dipole array correspond to higher sensitivity
values and subsequently have a higher contribution to the
joint inversion than the measurements taken with the
Wenner–Schlumberger array, hence the dipole–dipole
data dominate the Wenner–Schlumberger data.



Fig. 2. The synthetic model employed to produce the dipole–dipole and Wenner–Schlumberger synthetic data.
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Therefore, in order to produce a reliable geoelectrical
inverted model of the subsurface by taking into account
all available information, a combined weighted inver-
sion algorithm needs to be considered. The existing
algorithm has been modified by introducing an extra
weighting factor, which attempts to balance out the
contribution of the various resistivity array measure-
ments into the inversion. If M is the total number of the
observed data coming from different arrays, the weight-
Fig. 3. Inversion results (1mV/A added noise): (a) Resistivitymodel employed. (b)
inverse model resistivity section. (d) Combined inverse model obtained by dipole
ing factor is introduced by means of an mxm diagonal
matrix WB, and the ith element of which is defined as:

WBii ¼ f bi ¼ 1 if i is a measurement of the reference array A
bi ¼ bB;C N if i is a measurement of any other array B;C N

ði ¼ 1; 2; N MÞ; ð6Þ

The term b takes values between (0,∞) for each array.
This weighting factor effectively operates in a way similar
to the data (error) weighting diagonal matrixWd of Eq. (2),
Dipole–dipole inversemodel resistivity section. (c)Wenner–Schlumberger
–dipole and Wenner–Schlumberger data sets (no weighting).
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i.e. the larger the value of bi, the stronger the contribution of
the measurements of array WB in the inversion. The data
misfit term S to be minimized (Eq. (2)) now becomes:

S ¼ ðWBWddyÞT ðWBWddyÞ; ð7Þ
and the iterative inversion equation becomes:

xkþ1 ¼ xk þ dxk ¼ xk

þ ðWBWdJkÞT ðWBWdJkÞ þ ljðCT
xCx þ CT

z CzÞ
h i−1

�ðWBWdJkÞT ðWBWddykÞ; ð8Þ
When bi is 1 no additional weighting is effectively

applied, while when it takes the value of 0 it is equi-
valent to excluding the measurements of the specific
array from the inversion. On the other hand, high values
of bi are equivalent to minimizing the influence of the
reference array A to the inversion.

Due to the differentiation of the objective function (Eqs.
(2), (7)) the RMS misfit definition of Eq. (4) needs to be
modified in order to accommodate the introduction of the
weighting factorbi. AweightedRMSmisfit (RMSw) can be
defined by:

RMSw ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXM
i¼1

b2i dy
2
i =r

2
i=

XM
i¼1

b2i =r
2
i

vuut ; ð9Þ

which in the case of constant or not available data errors
becomes:

RMSw ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXM
i¼1

b2i dy
2
i=

XM
i¼1

b2i

vuut
¼ ðRMSA þ bBRMSB þ bCRMSC

þ N Þ=ð1þ bB þ bC þ N Þ; ð10Þ
Eqs. (7) and (9) describe in detail the way that the

performed weighting works in practice: the data error,
σi, is modified by the scaling factor, b, of each array.
This is performed by considered an updated data error
σi/bi, which is either smaller or larger than the original
one, depending on the specific scale factor of the array
to which it belongs. This modification also affects the
specific datum (and corresponding array) impact on the
final solution. Moreover, Eq. (10) suggests that the final
weighted RMS is a weighted average of the RMS of the
individual arrays for the specific final model derived
through the iterative procedure of Eq. (8).

3. Weighting factor calculation

In order to find the optimum value of the weighting
factor b, which will enable the proportional contribution
of all measurements in the inversion, four different
approaches were examined (Athanasiou, 2004). Two of
these methods were based on the Jacobian matrices JA

and JB of the two arrays, A and B (Eq. (11)).

JA ¼ð JA11 JA12 N JA1M
JA21 JA22 N JA2M
v v v

JAN1 JAN2 N JANM
Þ and

JB ¼ð JB11 JB12 N JB1M
JB21 JB22 N JB2M
v v v

JBN1 JBN2 N JBNM
Þ;

ð11Þ

According to the first method which employs the
Jacobian matrices, the weighting factor b is estimated by
the equations:

JAj ¼

XNA

i¼1

jJAij j

NA
; JBj ¼

XNB

i¼1

jJBij j

NB
and

b ¼
XM
j¼1

JAj
JBj

ðj ¼ 1; 2; N MÞ;

ð12Þ

where Jij
A are the elements of the reference array A

Jacobian matrix JA, Jij
B are the elements of the array B

Jacobian matrix JB, Jj
A are the means of the absolute

values of Jij
A for every parameter of the reference array A

and Jj
B are the means of the absolute values of Jij

B for
every parameter of the array B. The weighting factor b is
given by the sum of the ratios between Jj

A and Jj
B and is a

constant scalar quantity for all measurements of array B.
Since the Jacobianmatrices are updated in every iteration,
b is also recalculated. However, the difference of the new
weighting factor in relation to the weighting factor of the
previous iteration is very small (b1%).

According to the second method, the weighting
factor b for the Jacobian matrices JA and JB (Eq. (11)) is
estimated by the equations:

JAj ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXNA

i¼1

jJAij j2
s

NA
; JBj ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXNB

i¼1

jJBij j2
s

NB
and

b ¼
XM
j¼1

JAj
JBj

;
ð13Þ

Eqs. (12) and (13) are equivalent to calculating the
mean L1 and L2 column norms of the Jacobian matrices
of the two arrays.
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A reasonable alternative to the use of Jacobian mat-
rices, in order to define the weighting factor b of each
array, is to use the ratio of the L2 and L1 column norms
of the measured resistivities (data vectors). In these two
cases, the sensitivity of each array is determined directly
by the data and not by the data-model derivatives. This
approach has been also tested in the present work.
Fig. 4. Inversion results (1 mV/A added noise): a) Resistivity model employ
model obtained by Wenner–Schlumberger data set. (d), (e) and (f) Combined
data sets for three different values of the weighting factor.
The variation of the weighting factor values, which are
calculated by the four methods is usually fluctuating over
a very small range of values, of the order of a few percent.
This observation suggests that these methods are quite
appropriate for the definition of b since the data which are
used (data resistivities or Jacobian matrices) are directly
depended and express the relative sensitivity of one array
ed. (b) Inverse model obtained by dipole–dipole data set. (c) Inverse
inverse models obtained by dipole–dipole and Wenner–Schlumberger



Fig. 5. The first synthetic model employed to produce the dipole–dipole and Wenner synthetic data.
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to another. Furthermore, after taking into account a large
number of trials, we observed that the value of the
weighting factor b is almost constant for each array
combination, independently of the specific model used.

In this work we have chosen the weighting factor b
which was calculated with the second method based on
Fig. 6. Inversion results (3 mV/A added noise): (a) Resistivity model emplo
model obtained by Wenner data set. (d) Combined inverse model obtained b
model obtained by dipole–dipole and Wenner data sets using the weighting
the Jacobian matrices (Eq. (13)), since it appeared that in
every examined case it represented the median value of
the weighting factors calculated by all four methods.

In Fig. 4 the geoelectrical models obtained by the
combined weighted inversion of dipole–dipole and
Wenner–Schlumberger data set for three different values
yed. (b) Inverse model obtained by dipole–dipole data set. (c) Inverse
y dipole–dipole and Wenner data sets. (e) Combined weighted inverse
scheme proposed in the present work (b=2.25).



Fig. 7. The second model used to produce the dipole–dipole, pole–dipole and Wenner synthetic data.

Fig. 8. Inversion results (3 mV/A added noise): (a) Resistivity model employed. (b), (c) and (d) Inverse models obtained by dipole–dipole, pole–
dipole and Wenner data sets respectively. (e) Combined inverse model obtained by dipole–dipole, pole–dipole and Wenner data sets. (f) Combined
weighted inverse model obtained by dipole–dipole, pole–dipole and Wenner data sets.
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Fig. 9. Inversion results: (a), (b) and (c) Inverse model resistivity sections obtained by dipole–dipole, Wenner–Schlumberger and Wenner data sets
respectively. (d) Combined inverse model obtained by dipole–dipole, Wenner–Schlumberger and Wenner data sets with no weight. (e) Combined
inverse model obtained by dipole–dipole, Wenner–Schlumberger and Wenner data sets with optimum weight.
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of b are presented. When b=0 the sensitivity of the
array B measurements is zero and this is equivalent to
excluding these measurements from the inversion. This
is indicated in Fig. 4d, which shows the combined
inversion of the two data sets with a weighting factor
b=0. The inverted geoelectrical model is practically
identical to the model produced by the inversion of the
dipole–dipole data set (Fig. 4b).

By assigning a large value of b (e.g. b=10) the
sensitivity of the array B measurements is reinforced,
which is equivalent to minimizing the influence of the
reference array A measurements on the inversion. This is
indicated in Fig. 4e, which shows the combined inversion
of the two data sets with a weighting factor b=10. The
inverted geoelectrical model is similar to the model
produced only by the inversion of the Wenner–Schlum-
berger data set (Fig. 4c).

Finally, in Fig. 4f the inverted geoelectrical model
produced by the combined inversion of the two data sets
with a weighting factor b=2 is presented. This value is
estimated by the adopted method based on the Jacobian
matrices, as it is described above (Eq. (13)). The
deduced geoelectrical model combines the character-
istics of both the dipole–dipole and Wenner–Schlum-
berger geoelectrical models and reconstructs the initial
model more effectively.



Fig. 10. Pseudosections: (a), (b) and (c) Dipole–dipole, Wenner–Schlumberger and Wenner measured ap. resistivity pseudosections. (d), (e) and (f) Dipole–dipole, Wenner–Schlumberger and Wenner calculated ap. resistivity pseudosections. (g), (h) and (i) Dipole–dipole, Wenner–Schlumberger and Wenner calculated ap.
resistivity pseudosections obtained by combined inversion. (j), (k) and (l) Dipole–dipole, Wenner–Schlumberger and Wenner calculated ap. resistivity pseudosections obtained by combined weighted inversion.
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4. Application of the algorithm to synthetic data

The described algorithm was applied to a series of
synthetic models. In this section the results from tests
conducted using two synthetic data sets are given. The
first model (Fig. 5) consists of a sharp contact between
media of highly different resistivity (500 Ohm–m and
100 Ohm–m). On the right, a rectangular resistive body
is embedded in the more conductive medium of the two
media. The apparent resistivity values of a multi-
electrode configuration of 56 equally spaced electrodes
using spacing “a” set to 5 m using the dipole–dipole and
Wenner arrays were calculated with a finite element
scheme with a maximum n-separation nmax=8a. Ran-
dom noise of 3 mV/A peak-to-peak amplitude was
applied to the synthetic data.

The inversion results are presented in Fig. 6. It is seen
that the geoelectrical model obtained by the inversion of
the dipole–dipole data set (Fig. 6b) clearly delineates the
contact between the two media, but the submerged body
is not distinguished from the underlying layer. In the
geoelectrical model obtained by the inversion of the
Wenner data set (Fig. 6c) the two layers are shown but
not the abrupt contact between them. Furthermore, the
submerged body is only slightly indicated.

The combined un-weighted inverse geoelectrical
model obtained by both dipole–dipole and Wenner
data sets is presented in Fig. 6d. In this model the contact
between the two media is delineated but not as clear as
in the dipole–dipole inverse model. On the other hand,
the submerged body is better identified in comparison
with the image taken from the dipole–dipole and
Wenner inverse models but still appears “connected”
to the underlying layer, resembling more the dipole–
dipole inversion results.

In Fig. 6e the geoelectrical model obtained by the
combined weighted inversion of both the dipole–dipole
and Wenner data sets is presented. It is observed that this
model delineates the contact between the two media and
further, the submerged body is clearly indicated and
separated from the underlying layer.

The second model (Fig. 7) has a more complicated
structure. First, a mediumwith a resistivity of 20 Ohm–m
overlies a medium with a resistivity of 120 Ohm–m. On
the left, one resistive body (300 Ohm–m) is situated into
the first conductive layer (20 Ohm–m). On the right, a
slightly dipping conductive “fractured” zone with a
resistivity of 20 Ohm–m is cutting across the layer of
120 Ohm–m, whereas a resistive body of 300 Ohm–m is
submerged in to the first conductive layer. The apparent
resistivity values of a multi-electrode configuration of 56
equally spaced electrodes with spacing “a” set to 5 m
using the dipole–dipole, pole–dipole and Wenner arrays
were calculated with a finite element scheme using a
maximum n-separation nmax=8a. Random noise of
3 mV/A peak-to-peak amplitude was applied to the
synthetic data.

The inverted models are presented in Fig. 8. As it is
observed all the geoelectrical inverted models show the
position of the fractured zone and the two shallow buried
bodies. The dipole–dipole array type shows quite well the
full vertical extent of the fractured zone but gives no
information about its dip (Fig. 8b). The pole–dipole array
type does not show neither the extent of the fault zone nor
its dip (Fig. 8c). TheWenner array shows the fault zone in
a satisfactory extent but with a slight dip to the wrong
direction (Fig. 8d).

The combined un-weighted inverted model (Fig. 8e)
shows the fractured zone in a satisfactory extent and the
position of the two shallow buried bodies. As it is seen, this
model is quite similar to the results of the dipole–dipole
array which, due to its higher sensitivity, “dominates” the
inversion image. The combined weighted inverted model,
shown in Fig. 8f, depicts the fractured zone and the two
shallowburied bodies satisfactorily.Although different, it is
difficult to say which of the two combined inversions
(weighted or un-weighted) reconstructs the model better. It
has to be noted that in this case the combined inversion
result (weighted or not) does not yield a better result than an
individual array inversion (viz. dipole–dipole). Yet given
that usually interpreter, due to limited prior information, is
unable to judgewhich independent array result is better, the
combined data sets inversion can produce a sensible fusion
of all available information into a single representative
image.

5. Application of the algorithm to real data

The application of the algorithm to synthetic data
produced satisfactory results but it is obvious that, as far
as this algorithm is designed for field data interpretation,
it must be tested with real data in order to deduce con-
vincing results. Furthermore, these real data should be
taken from a known target in order to verify the inversion
results. The data set on which the combined weighted
inversion algorithm was applied was obtained over a
sidewalk situated next to the Faculty of Sciences
building of the Aristotle University of Thessaloniki
(Greece). Note that the above experiment has been
conducted in an environment complicated by anthropo-
genic features (pavement, metal pipes etc.) with expected
high levels of noise and apparently 3-D effects. Despite
the noisy environment the measurements themselves
exhibited a low standard deviation, routinely below 5%.
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The aim of this survey was the study of the subsurface
geoelectrical structure and especially the location of the
basement, which outcrops a few meters northwards from
the studying area and underlies recent sediments along of
the electrical survey line. The basement comprises mainly
from green gneisses, which are representative of the region
of Thessaloniki. The surface formations consist of a rabble
cover in the first few meters and thereafter alluvial deposits
and deposits which come from the erosion of the basement.

Dipole–dipole, Wenner–Schlumberger and Wenner
arrays were measured over the survey area. The
measured section involved 48 electrodes, with “a”
spacing equal to a=3 m and the maximum n-separation
was nmax=7 for electrode spacings “a” and “2a”. The
geoelectrical inverted models of individual arrays are
depicted in Fig. 9a–c and the corresponding field and
model data pseudosections are shown in Fig. 10a–c and
Fig. 10d–f respectively.

Information was also available from three boreholes,
which were drilled lengthways of the section. Black
frames in the inverted sections of Fig. 9 are used to
depict the position of the boreholes in the geoelectrical
inverted models, while the basement (gneiss) as
recorded by the boreholes is shown with black color.

It is observed that the geoelectrical models deduced
by all arrays exhibit some differences. Despite their
differences the results are in general, but not in full,
agreement with the information taken by the drills, as far
as the depth of the basement is concerned. In all
geoelectrical models of Fig. 9 the low-resistivity
formations are presented with cold colors, whereas the
high-resistivity formations (such as the basement) are
presented with warm colors. The high values of
resistivity in very small depths indicate the existence
of the rabble due to anthropogenic activity. According to
this information, the upper surface of the basement is
recorded at the depth of 11.5 m at the beginning of the
section as shown by the first drill and thereafter it rises to
9 m and finally at 7 m as shown by the last drill.

The joint inversion of data from all arrays would be
considered as a reasonable step to produce a more
informative subsurface image. The combined inverted
model produced by all measured arrays without any
weighting is shown in Fig. 9d and it is quite clear that it is
closer to the results of the dipole–dipole array which, due
to its higher sensitivity, “dominates” the inversion image.
This is also manifested in Fig. 10g–i in which the
calculated data pseudosections of the arrays participating
into the un-weighted inversion are plotted: the dipole–
dipole calculated data pseudosection (Fig. 10g) is quite
close to the corresponding field data (Fig. 10a), while this
is not the case for the other two arrays (Fig. 10g–i).
Conversely, the results of the combined weighted
inversion are depicted in Fig. 9e, showing a different
image which is a more representative mixture of the
independent inversion images. The corresponding
calculated data pseudosections of the Wenner–Schlum-
berger and Wenner arrays (Fig. 10k–l) are in better
agreement with the filed data than in the un-weighted
inversion case, but as expected, this is not the case for
the calculated dipole–dipole data (Fig. 10j).

The RMS errors of the combined and combined
weighted inverted models are slightly larger than those of
the individual inverted models due to the attempt of the
algorithm to combine information of different array types.

6. Discussion and conclusions

In this work the case of 2-D combined inversion of
resistivity data arising from different array types is
examined. Simple structures are adequately described
from all array types as well as from their combination.
However, as the structures become more complicated
the information taken from each array individually
becomes increasingly diverse. This approach can
provide improved subsurface images as it jointly inverts
arrays with different characteristics. For example, it
combines Wenner and Wenner–Schlumberger arrays,
which have high vertical resolution with dipole–dipole
and pole–dipole arrays, which have high lateral
resolution. The main disadvantage of the method,
which is the extra time to acquire a large number of
measurements, is partly compensated by the increased
measuring speed of automated resistivity meters.

It is shown that some arrays dominate over others
during the joint inversion procedure and therefore the
un-weighted combined inversion geoelectrical model is
more similar to the geoelectrical model produced by the
dominant array. The scheme described in the present
work includes a weighting factor which partly balances
the participation of the arrays. The use of combined
weighted inversion requires the introduction of an extra
factor, which needs to be calculated during inversion.
However, this factor is calculated automatically in a
fairly simple manner and is easily incorporated in the
algorithm so that no extra processing is needed.

From the study of the several test models it can be
deduced that the weighting factor “b” depends on the
number and the geometry of the electrodes used, whereas
is independent of the distribution of the measured
resistivities. Thereby, for a particular array combination,
in which a specific number of electrodes are used, the
weighting factor “b” is practically independent of the
initial model.
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It could be argued that there is no need to introduce
such an “array correction” factor and that the original
misfit definition incorporates in the Bayesian sense the
data errors, σi, which are used in the misfit function (2)
and the corresponding RMS (Eq. (4)). However, in
practice, estimates of data-point errors are not always
available and if available not always reliable e.g. data-
points with small standard deviations are obvious
outliers and vise-versa. Furthermore, the actual errors
that should be included in Eq. (2) are a combination of
both the observation errors, as well as of the modeling
errors due to poor modeling (2-D models of a 3-D earth,
anisotropy, limitations of forward modeling, fixed para-
meter boundaries etc.) and the non-linearity (solution of
a linearized scheme) of the inverse problem. This can be
demonstrated in a simplified manner if we consider that
any solution, dxk, of a linearized inverse problem is
obtained by applying a linear operator, L¸ on the ob-
served data residuals, dyobs, as for example is seen in
Eqs. (3) and (8). Therefore, we can write the following
equation:

dxk ¼ Ldyobs ¼ Lðdytrue þ εobsÞ
¼ LJdxtrue þ LεLin�Mod þ Lεobs ð14Þ

where εobs is the observed (measurement) data error
vector and εLin-Mod corresponds to the combined model-
ing/linearization error vector.

Eq. (14) shows that our solution suffers not only
because of observational errors but also due to errors
introduced by linearization and modeling simplifica-
tions, as well as by errors introduced due to the specific
choice of L which allows us to obtain a robust solution
(e.g. for non-unique problems) at the cost of limited
model resolution (typically described by the model
resolution matrix LJ). In practice the first two terms in
Eq. (14) and especially the modeling-linearization errors
are often much larger than the observational errors. It is
clear that such modeling errors are not of the same scale
for every electrode array but are actually scaled differ-
ently on the basis of the different sensitivities that the
individual arrays exhibit, as this is expressed by the
respective Jacobian matrices. Therefore, the largest part
of the misfit function, S, or the equivalent RMS ex-
pressions which are minimized are controlled by
sensitivity-dependent errors, which may have nothing
to do with the actual observational errors (that are often
only implicitly estimated). For this reason, the selected
weighted factors used in the proposed scheme are
calculated as expressions of the arrays' Jacobian mat-
rices (see Eqs. (12) and (13) for bi estimation), reflecting
in this way the variable sensitivity of the different elec-
trode arrays. Note that the proposed formulation not
only allows for the incorporation of modeling sensitivity
errors through bi (matrix WB) but still allows for the
incorporation (Eq. (7)) of individual data observation
errors, if available (matrix Wd).

Results, presented in this work indicate that the
combined weighted inversion produces a fused geoelec-
trical model which is more representative of the study
area compared to the one produced by just jointly in-
verting all data sets without weighting. It has to be
stressed though that, as suggested by the examples
presented in this work, there is absolutely no guarantee
that the combined inversion (weighted or not) results of
geolectrical data from different arrays will produce
subsurface images which are superior to the ones pro-
duced by individual array inversions. To the contrary, in
the case that an individual array inversion is more
representative of reality any combined inversion result
will be at best equal or inferior. Similarly, inclusion of a
low quality data set into the joined inversion scheme
would probably produce results inferior to the inver-
sions of individual (higher quality) array data sets. In
this framework a further use of the proposed weighting
scheme can be suggested: depending on the quality of
the individual array inversion results (e.g. on the basis of
the correlation with prior information) the user could
increase or decrease the weighting factor bi of a parti-
cular array, at an arbitrary level, to increase or decrease
its contribution into the final inversion result. Admit-
tedly, this has a high degree of subjectivity and is not
necessarily a good filed practice.

Overall, the usefulness of the combined weighted
inversion algorithm consists in the combination of data
of various array types, especially when the arrays cannot
separately produce a reliable geoelectrical model in case
of complicated subsurface structure under no or limited
prior information.
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